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1. Introduction
Throughout this paper, we always make use of the following notation: N = {1,2,3, . . .} denotes the set of natural num-
bers, N0 = {0,1,2,3, . . .} denotes the set of nonnegative integers, C denotes the set of complex numbers.
The q-shifted factorial is deﬁned by
(a;q)0 = 1, (a;q)n = (1− a)(1− aq) · · ·
(
1− aqn−1)= n−1∏
k=0
(
1− aqk) (n = 1,2, . . .),
(a;q)∞ = (1− a)(1− aq) · · ·
(
1− aqn) · · · = ∞∏
k=0
(
1− aqk) (|q| < 1; a,q ∈ C).
The q-numbers, q-numbers factorial and q-numbers shifted factorial is deﬁned by
[a]q = 1− q
a
1− q (q = 1); [0]q! = 1, [n]q! = [1]q[2]q · · · [n]q (n ∈ N, a ∈ C)
respectively. Clearly,
lim
q→1[a]q = a, limq→1[n]q! = n!.
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n
k
]
q
= (q;q)n
(q;q)n−k(q;q)k ,
which satisﬁes the following relationships:[
n
k
]
q
=
[
n
n − k
]
q
(0 k n),
[
n
k
]
q
= 0 (n < k),
[
x
k
]
q
=
[
x− 1
k − 1
]
q
+ qk
[
x− 1
k
]
q
(n,k ∈ N; x ∈ C).
The above q-standard notation can be found in [2] and [9].
In 1948 Carlitz ﬁrstly extended the classical Bernoulli and Euler numbers and polynomials, introducing them as q-
Bernoulli and q-Euler numbers and polynomials (see [3–5]).
We rewrite here the deﬁnitions for the q-Bernoulli and q-Euler numbers and polynomials:
Deﬁnition 1.1. The q-Bernoulli numbers and polynomials in qx are deﬁned by means of the generating function
−t
∞∑
n=0
qne[n]qt =
∞∑
n=0
Bn;q
tn
n! , (1.1)
−t
∞∑
n=0
qn+xe[n+x]qt =
∞∑
n=0
Bn;q(x)
tn
n! . (1.2)
Obviously,
Bn;q = Bn;q(0), lim
q→1 Bn;q(x) = Bn(x), limq→1 Bn;q = Bn.
Deﬁnition 1.2. The q-Euler numbers and polynomials in qx are deﬁned by means of the generating function
2
∞∑
n=0
(−1)nqn+ 12 e2[n+ 12 ]qt =
∞∑
n=0
En;q
tn
n! , (1.3)
2
∞∑
n=0
(−1)nqn+xe[n+x]qt =
∞∑
n=0
En;q(x)
tn
n! . (1.4)
Obviously,
En;q = 2nEn;q
(
1
2
)
, lim
q→1 En;q(x) = En(x), limq→1 En;q = En.
Here Bn(x) and En(x) denote the classical Bernoulli and Euler polynomials are deﬁned by
zexz
ez − 1 =
∞∑
n=0
Bn(x)
zn
n! and
2exz
ez + 1 =
∞∑
n=0
En(x)
zn
n! ,
respectively.
The Bernoulli numbers Bn and Euler numbers En are deﬁned by
Bn := Bn(0) and En := 2nEn
(
1
2
)
, (1.5)
respectively.
The aim of the present paper is to obtain some results for the q-Bernoulli and q-Euler polynomials. The q-analogues
of well-known results, for example, Srivastava and Pintér [13], Cheon [6], etc., can be derived from these q-identities.
The formulas involving the q-Stirling numbers of the second kind are also given. Furthermore some special cases are also
considered.
The paper is organized as follows: In the ﬁrst section we introduce some notation and recall deﬁnitions. In the second
section we show some lemmas and make some preliminaries. In the third section we obtain some q-identities. Some special
cases are also given. In the fourth section we provide the formulas which involve the Carlitz’s q-Stirling numbers of the
second kind. In the ﬁfth section we obtain further q-analogues of some classical formulas.
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In this section we shall provide some basic formulas for the q-Bernoulli and q-Euler polynomials in order to obtain the
main results of this paper in the next section.
Lemma 2.1 (Difference equation).
Bn;q(x+ 1) − Bn;q(x) = nqx[x]n−1q (n 1), (2.1)
En;q(x+ 1) + En;q(x) = 2qx[x]nq (n 0). (2.2)
Lemma 2.2 (Addition theorem).
Bn;q(x+ y) =
n∑
k=0
(
n
k
)
Bk;q(x)qky[y]n−kq , (2.3)
En;q(x+ y) =
n∑
k=0
(
n
k
)
Ek;q(x)q(k+1)y[y]n−kq . (2.4)
In particular, setting x = 0 in (2.3) and x = 12 in (2.4), subsequently replacing y by x, we get the following formulas for
q-Bernoulli and q-Euler polynomials, respectively.
Bn;q(x) =
n∑
k=0
(
n
k
)
Bk;qqkx[x]n−kq , (2.5)
En;q(x) =
n∑
k=0
(
n
k
)
Ek;q
2k
q(k+1)(x−
1
2 )
[
x− 1
2
]n−k
q
. (2.6)
The above formulas can be found in [3–5] which are the q-analogues of the corresponding classical formulas in [1, pp. 804–
807], [7, pp. 48–49], [8], [11, pp. 25–32] and [12], etc.
If we set y = 1 in (2.3) and (2.4), we get
Bn;q(x+ 1) =
n∑
k=0
(
n
k
)
qkBk;q(x), (2.7)
En;q(x+ 1) =
n∑
k=0
(
n
k
)
qk+1Ek;q(x), (2.8)
respectively.
Clearly, the formulas (2.7) and (2.8) are q-analogues of (see [6, p. 366, Theorem 1]):
Bn(x+ 1) =
n∑
k=0
(
n
k
)
Bk(x),
En(x+ 1) =
n∑
k=0
(
n
k
)
Ek(x),
respectively.
From (2.1) and (2.7), (2.2) and (2.8) we obtain
qx[x]nq =
1
n + 1
[
n+1∑
k=0
(
n + 1
k
)
qkBk;q(x) − Bn+1;q(x)
]
, (2.9)
qx[x]nq =
1
2
[
n∑
k=0
(
n
k
)
qk+1Ek;q(x) + En;q(x)
]
(2.10)
which are the q-analogues of the following familiar expansions (see, e.g., [6, p. 366, (6) and (7)]):
xn = 1
n + 1
n∑
k=0
(
n + 1
k
)
Bk(x) and x
n = 1
2
[
n∑
k=0
(
n
k
)
Ek(x) + En(x)
]
,
respectively.
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n∑
k=0
(
n
k
)
qk[m]kqBk;qm(x) = [m]nq Bn;qm
(
x+ 1
m
)
, (2.11)
n∑
k=0
(
n
k
)
qk+1[m]kq Ek;qm (x) = [m]nq En;qm
(
x+ 1
m
)
. (2.12)
Proof. Applying the relationship
[my]q = [y]qm [m]q (2.13)
to (2.3) for q → qm , we have
Bn;qm(x+ y) =
n∑
k=0
(
n
k
)
qmky Bk;qm(x)[y]n−kqm
= [m]−nq
n∑
k=0
(
n
k
)
qmky[m]kqBk;qm (x)[my]n−kq .
In particular for y = 1m leads at once to (2.11). Similarly (2.12) follows. 
For the convenience to the reader, the following polynomials in qx:
Bn;qm;y(x+ 1) =
n∑
k=0
(
n
k
)
qmky[m]kqBk;qm (x), (2.14)
En;qm;y(x+ 1) =
n∑
k=0
(
n
k
)
qm(k+1)y[m]kq Ek;qm (x), (2.15)
which are the analogues of Eqs. (2.11) and (2.12), respectively.
One can see that,
Bn;q(x+ 1) = Bn;q;1(x+ 1), En;q(x+ 1) = En;q;1(x+ 1),
Bn;q;y(x+ 1) = Bn;q1;y(x+ 1), En;q;y(x+ 1) = En;q1;y(x+ 1),
Bn;qm; 1m (x+ 1) = [m]
n
q Bn;qm
(
x+ 1
m
)
, En;qm; 1m (x+ 1) = [m]
n
q En;qm
(
x+ 1
m
)
.
Obviously, Eqs. (2.11), (2.14), (2.12) and (2.15) are the q-analogues of
n∑
k=0
(
n
k
)
mkBk(x) =mnBn
(
x+ 1
m
)
, (2.16)
n∑
k=0
(
n
k
)
mkEk(x) =mnEn
(
x+ 1
m
)
, (2.17)
respectively.
Also, we have
lim
q→1 Bn;q;y(x) = Bn(x) and limq→1 Bn;qm;y(x) =m
nBn
(
x+ 1−m
m
)
, (2.18)
lim
q→1 En;q;y(x) = En(x) and limq→1 En;qm;y(x) =m
nEn
(
x+ 1−m
m
)
. (2.19)
Lemma 2.4. The polynomials Bn;qm;y(x) and En;qm;y(x) in qx satisfy the following difference relationships
Bn;qm;y(x+ 1) − Bn;qm;y(x) = n[m]qqm(x+y−1)
(
1+ qmy[mx−m]q
)n−1
(n 1, m 1), (2.20)
En;qm;y(x+ 1) + En;qm;y(x) = 2qm(x+y−1)
(
1+ qmy[mx−m]q
)n
(n 0, m 1). (2.21)
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Bn;qm;y(x+ 1) − Bn;qm;y(x) =
n∑
k=0
(
n
k
)
qmky[m]kq
[
Bk;qm(x) − Bk;qm (x− 1)
]
=
n∑
k=0
k
(
n
k
)
qmky[m]kqqm(x−1)[x− 1]k−1qm
= n
n−1∑
k=0
(
n − 1
k
)
qm(k+1)y[m]k+1q qm(x−1)[x− 1]kqm
= n[m]qqm(x+y−1)
(
1+ qmy[mx−m]q
)n−1
.
Hence the formula (2.20) follows. Similarly prove (2.21) by (2.2) and (2.15). This proof is complete. 
Clearly, the above difference formulas (2.20) and (2.21) become the following difference formulas when q → 1:
Bn
(
x+ 1
m
)
− Bn
(
x+ 1−m
m
)
= n
(
x+ 1−m
m
)n−1
(n 1, m 1) (2.22)
and
En
(
x+ 1
m
)
+ En
(
x+ 1−m
m
)
= 2
(
x+ 1−m
m
)n
(n 0, m 1) (2.23)
which are extensions of the ordinary difference formulas (see, e.g., [1, p. 804, (23.1.16)])
Bn(x+ 1) − Bn(x) = nxn−1 (n 1)
and
En(x+ 1) + En(x) = 2xn (n 0),
respectively.
Of course, if we set some special values of m and x (in fact m and x may be arbitrary real or complex numbers but
m = 0) in (2.22) and (2.23), we can obtain several new formulas concerning the classical Bernoulli and Euler numbers and
polynomials.
3. Some explicit relationships between the q-Bernoulli and q-Euler polynomials
In this section we shall investigate some explicit relationships between the q-Bernoulli and q-Euler polynomials based
on the techniques for series rearrangement and some lemmas in Section 2. Here some q-analogues of known and unknown
results will be given. We also obtain new formulas, see (3.9) and (3.17) and their some special cases below, these formulas
are some extensions of the formulas of Srivastava and Á. Pintér, Cheon and others.
Theorem 3.1. For n ∈ N0 , m ∈ N, the following relationship
Bn;qm(x+ y) =
n∑
k=0
1
2[m]nq
(
n
k
)[
qm(k−1)x[m]kqBk;qm(y) + qn−k−mx+1Bk;qm;x(y)
+ qn−k−m+my+1k[m]q
(
1+ qmx[my −m]q
)k−1]
En−k;q(mx) (3.1)
holds true between the q-Bernoulli polynomials and q-Euler polynomials.
Proof. First exchanging x and y, and then replacing q by qm in (2.3), it follows from (2.10) and (2.13) that
Bn;qm(x+ y) = [m]−nq
n∑
k=0
(
n
k
)
qmkx[m]kqBk;qm (y)[mx]n−kq
= 1
2
[m]−nq
n∑(n
k
)
qm(k−1)x[m]kqBk;qm(y)
[
n−k∑(n − k
j
)
q j+1E j;q(mx) + En−k;q(mx)
]
k=0 j=0
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2
[m]−nq
n∑
k=0
(
n
k
)
qm(k−1)x[m]kqBk;qm(y)En−k;q(mx)
+ 1
2
[m]−nq
n∑
k=0
(
n
k
)
qm(k−1)x[m]kqBk;qm (y)
n−k∑
j=0
(
n − k
j
)
q j+1E j;q(mx)
= 1
2
[m]−nq
n∑
k=0
(
n
k
)
qm(k−1)x[m]kqBk;qm(y)En−k;q(mx)
+ 1
2
[m]−nq
n∑
j=0
(
n
j
)
q j+1E j;q(mx)
n− j∑
k=0
(
n − j
k
)
qm(k−1)x[m]kqBk;qm(y)
= 1
2
[m]−nq
n∑
k=0
(
n
k
)
qm(k−1)x[m]kqBk;qm(y)En−k;q(mx)
+ 1
2
[m]−nq
n∑
k=0
(
n
k
)
qn−k+1En−k;q(mx)
k∑
j=0
(
k
j
)
qm( j−1)x[m] jq B j;qm(y)
= 1
2
[m]−nq
n∑
k=0
(
n
k
)[
qm(k−1)x[m]kqBk;qm(y) + qn−k−mx+1Bk;qm;x(y + 1)
]
En−k;q(mx).
Upon by inverting the order of summation and using the following elementary combinatorial identity(
m
l
)(
l
n
)
=
(
m
n
)(
m − n
m − l
)
. (3.2)
Finally, in light of the difference relationship (2.20) of Lemma 2.4 leads at once to the assertion (3.1) of Theorem 3.1. This
proof is complete. 
Next, we discuss some special cases of Theorem 3.1.
Case 1. When m = 1.
Bn;q(x+ y) =
n∑
k=0
1
2
(
n
k
)[
q(k−1)xBk;q(y) + qn−k−x+1Bk;q;x(y) + qn−k+yk
(
1+ qx[y − 1]q
)k−1]
En−k;q(x), (3.3)
which is a q-analogue of (see Srivastava and Á. Pintér [13, p. 379, Eq. (37)])
Bn(x+ y) =
n∑
k=0
(
n
k
)[
Bk(y) + k2 y
k−1
]
En−k(x). (3.4)
Case 2. When y = 0.
Bn;qm(x) =
n∑
k=0
1
2[m]nq
(
n
k
)[
qm(k−1)x[m]kqBk;qm + qn−k−mx+1Bk;qm;x(0)
+ qn−k−m+1k[m]q
(
1− qm(x−1)[m]q
)k−1]
En−k;q(mx). (3.5)
Letting q → 1, then the formula (3.5) reduces to
Bn(x) =
n∑
k=0
mk−n
2
(
n
k
)[
Bk + Bk
(
1−m
m
)
+ k
(
1−m
m
)k−1]
En−k(mx), (3.6)
which an extension of the Cheon’s main result [6, p. 368, Theorem 3]:
Bn(x) =
n∑
k=0
(
n
k
)
BkEn−k(x) (n ∈ N0). (3.7)(k =1)
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Bn;q(x) =
n∑
k=0
1
2
(
n
k
)[
q(k−1)xBk;q + qn−k−x+1Bk;q;x(0) + qn−kk
(
1− qx−1)k−1]En−k;q(x), (3.8)
which is a q-analogue of the Cheon’s main result (3.7).
Case 4. When q → 1.
Bn(x+ y) =
n∑
k=0
mk−n
2
(
n
k
)[
Bk(y) + Bk
(
y + 1−m
m
)
+ k
(
y + 1−m
m
)k−1]
En−k(mx), (3.9)
which is an extension of the formula (3.4) of Srivastava and Á. Pintér above.
In the same manner we can obtain the following formulas given by Theorem 3.2.
Theorem 3.2. For n ∈ N0 , m ∈ N, the following relationship
En;qm (x+ y) =
n∑
k=0
[m]−nq
k + 1
(
n
k
)[
2qn−k+m(y−1)
(
1+ qmx[my −m]q
)k+1 − qn−k−mxEk+1;qm;x(y)
− [m]k+1q qm(k+1)xEk+1;qm(y)
]
Bn−k;q(mx) + 2q
my(qn+1 − 1)
(n + 1)[m]nq(qm + 1) Bn+1;q(mx) (3.10)
holds true between the q-Euler polynomials and q-Bernoulli polynomials.
It follows that we show some special cases of Theorem 3.2.
Case 1. When m = 1.
En;q(x+ y) =
n∑
k=0
1
k + 1
(
n
k
)[
2qn−k+y−1
(
1+ qx[y − 1]q
)k+1 − qn−k−xEk+1;q;x(y) − q(k+1)xEk+1;q(y)]Bn−k;q(x)
+ 2q
y(qn+1 − 1)
(n + 1)(q + 1) Bn+1;q(x), (3.11)
which is a q-analogue of (see Srivastava and Á. Pintér [13, p. 380, Eq. (39)])
En(x+ y) =
n∑
k=0
2
k + 1
(
n
k
)[
yk+1 − Ek+1(y)
]
Bn−k(x). (3.12)
Case 2. When y = 0.
En;qm (x) =
n∑
k=0
[m]−nq
k + 1
(
n
k
)[
2qn−k−m
(
1− qm(x−1)[m]q
)k+1 − qn−k−mxEk+1;qm;x(0)
− [m]k+1q qm(k+1)xEk+1;qm(0)
]
Bn−k;q(mx) + 2(q
n+1 − 1)
(n + 1)[m]nq(qm + 1) Bn+1;q(mx). (3.13)
Further setting q → 1 in (3.13) we have
En(x) =
n∑
k=0
mk−n+1
k + 1
(
n
k
)[
2
(
1−m
m
)k+1
− Ek+1
(
1−m
m
)
− Ek+1(0)
]
Bn−k(mx), (3.14)
which an extension of the formula of Srivastava and Á. Pintér (see Srivastava and Á. Pintér [13, p. 380, (40)]):
En(x) = −
n∑
k=0
2
k + 1
(
n
k
)
Ek+1(0)Bn−k(x). (3.15)
Case 3. When m = 1, y = 0.
En;q(x) =
n∑
k=0
1
k + 1
(
n
k
)[
2qn−k−1
(
1− qx−1)k+1 − qn−k−xEk+1;q;x(0) − q(k+1)xEk+1;q(0)]Bn−k;q(x)
+ 2(q
n+1 − 1)
(n + 1)(q + 1) Bn+1;q(x), (3.16)
which is a q-analogue of the formula of Srivastava and Á. Pintér (3.15).
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En(x+ y) =
n∑
k=0
mk−n+1
k + 1
(
n
k
)[
2
(
y + 1−m
m
)k+1
− Ek+1
(
y + 1−m
m
)
− Ek+1(y)
]
Bn−k(mx) (3.17)
which is an extension of a result of Srivastava and Á. Pintér (3.12) above.
4. Some formulas involving the q-Stirling numbers of the second kind
In this section we provide some addition formulas for the q-Bernoulli and q-Euler polynomials in series of the Carlitz’s
q-Stirling numbers of the second kind. Some special cases are also considered.
We now recall that the Stirling numbers of the second kind S(n,k) are deﬁned by means of the following expansion
(see [7, p. 207, Theorem B])
xn =
n∑
k=0
(
x
k
)
k!S(n,k). (4.1)
So that
S(n,0) = δn,0, S(n,1) = S(n,n) = 1, S(n,n − 1) =
(
n
2
)
,
where δm,n denotes the Kronecker symbol.
In 1948, Carlitz gave a q-analogue of the Stirling numbers of the second kind, i.e., the so-called q-Stirling numbers of the
second kind Sq(n,k) deﬁned by (see [3, p. 989, Eq. (3.1)])
[x]nq =
n∑
k=0
Sq(n,k)[k]q!
[
x
k
]
q
q(
k
2). (4.2)
Carlitz also showed that the q-Stirling numbers of the second kind Sq(n,k) satisfy the following relationships (see [3, p. 990,
Eq. (3.2) and (3.5)])
Sq(n + 1,k) = Sq(n,k − 1) + [k]q Sq(n,k), (4.3)
Sq(n,k) = (q − 1)k−n
n∑
j=0
(−1)n− j
(
n
j
)[
j
k
]
q
. (4.4)
Obviously,
Sq(n,0) = δn,0, Sq(n,1) = Sq(n,n) = 1, Sq(n,n − 1) = n − [n]q
1− q .
Applying (2.3) and (2.4) and making an appropriate substitution in (4.2) as the proof of Theorem 3.1, we can obtain
Theorem 4.1 below.
Theorem 4.1. For n ∈ N0 , m ∈ N, we have the following relationships
Bn;qm(x+ y) =
n∑
k=0
[k]q!
[
mx
k
]
q
n−k∑
j=0
(
n
j
)
qmjx+(
k
2)[m] j−nq B j;qm(y)Sq(n − j,k), (4.5)
En;qm (x+ y) =
n∑
k=0
[k]q!
[
mx
k
]
q
n−k∑
j=0
(
n
j
)
qm( j+1)x+(
k
2)[m] j−nq E j;qm (y)Sq(n − j,k) (4.6)
between the q-Bernoulli (q-Euler) polynomials and q-Stirling numbers of the second kind.
Setting y = 0 in (4.5) and y = 12 (4.6), respectively, we have
Corollary 4.2. For n ∈ N0 , m ∈ N, the following relationships
Bn;qm(x) =
n∑
k=0
[k]q!
[
mx
k
]
q
n−k∑
j=0
(
n
j
)
qmjx+(
k
2)[m] j−nq B j;qm Sq(n − j,k), (4.7)
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n∑
k=0
[k]q!
[
mx− m2
k
]
q
n−k∑
j=0
(
n
j
)
E j;qm
2 j
qm( j+1)(x−
1
2 )+(k2)[m] j−nq Sq(n − j,k) (4.8)
hold true in terms of the q-Stirling numbers of the second kind.
The special cases for m = 1 in (4.7) and (4.8) are
Corollary 4.3. The following relationships
Bn;q(x) =
n∑
k=0
[k]q!
[
x
k
]
q
n−k∑
j=0
(
n
j
)
q jx+(
k
2)B j;q Sq(n − j,k), (4.9)
En;q(x) =
n∑
k=0
[k]q!
[
x− 12
k
]
q
n−k∑
j=0
(
n
j
)
E j;q
2 j
q( j+1)(x−
1
2 )+(k2)Sq(n − j,k) (4.10)
hold true.
Letting q → 1 then (4.9) and (4.10) reduce to the following formulas:
Corollary 4.4. The following relationships
Bn(x) =
n∑
k=0
k!
(
x
k
) n−k∑
j=0
(
n
j
)
B j S(n − j,k), (4.11)
En(x) =
n∑
k=0
k!
(
x− 12
k
) n−k∑
j=0
(
n
j
)
E j
2 j
S(n − j,k) (4.12)
hold true in terms of the Stirling numbers of the second kind.
Clearly, the formulas (4.11) and (4.12) are the special cases of the formulas (77) and (78) of [10], respectively.
5. Further observations and consequences
In this section we shall further obtain some results on the q-Bernoulli and q-Euler polynomials and numbers. In partic-
ular, another q-analogue of Cheon’s result (3.7) is also derived.
First we deﬁne the following power sums:
m∑
j=0
q j[ j]kq = q[1]kq + q2[2]kq + · · · + qm[m]kq, (5.1)
m∑
j=0
jk = 1k + 2k + · · · +mk (m,k ∈ N), (5.2)
which, respectively, are called the q-power sum and power sum.
Obviously, (5.1) is a q-analogue of (5.2). It is not diﬃcult we show the following formula from (2.1) of Lemma 2.1
m∑
j=0
q j[ j]nq =
Bn+1;q(m + 1) − Bn+1;q
n + 1 , (5.3)
which is a q-analogue of the classical power sum formula (see, e.g., [1, p. 804, (23.1.14)])
m∑
j=0
jn = Bn+1(m + 1) − Bn+1
n + 1 . (5.4)
On the other hand, we deﬁne the following alternating sums:
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j=0
(−1) j+1q j[ j]kq = q[1]kq − q2[2]kq + · · · + (−1)m+1qm[m]kq, (5.5)
m∑
j=0
(−1) j+1 jk = 1k − 2k + · · · + (−1)m+1mk (m,k ∈ N), (5.6)
which, respectively, are called the q-alternating sum and alternating sum.
Obviously, (5.5) is a q-analogue of (5.6). From (2.2) of Lemma 2.1 we may also obtain
m∑
j=0
(−1) jq j[ j]nq =
(−1)mEn;q(m + 1) + En;q(0)
2
, (5.7)
which is a q-analogue of the classical alternating power sum formula (see, e.g., [1, p. 804, (23.1.14)])
m∑
j=0
(−1) j jn = (−1)
mEn(m + 1) + En(0)
2
. (5.8)
Next, we further give the q-analogues of well-known formulas.
It is easy to observe that
2
∞∑
n=0
q2n+xe[2n+x]qt −
∞∑
n=0
qn+xe[n+x]qt =
∞∑
n=0
(−1)nqn+xe[n+x]qt . (5.9)
By (1.2) and (1.4), via simple computation, we can derive the following formula
En;q(x) = 2
n + 1
[
Bn+1;q(x) − 2[2]nq Bn+1;q2
(
x
2
)]
, (5.10)
which is a q-analogue of the classical formula (see, e.g., [1, p. 804, (23.1.27)])
En(x) = 2
n + 1
[
Bn+1(x) − 2n+1Bn+1
(
x
2
)]
. (5.11)
Further taking x = 0 in (5.10), we obtain
En;q(0) = 2
n + 1
(
Bn+1;q − 2[2]nq Bn+1;q2
)
(5.12)
which is a q-analogue of the formula (see, e.g., [1, p. 804, (23.1.20)]).
En(0) = 2
n + 1
(
1− 2n+1)Bn+1 (n ∈ N0). (5.13)
We now recall the q-Raabe’s multiplication theorem for Bn;q(x) as follows (see [3, p. 993, Eq. (4.12)]):
Bn;q(mx) = [m]n−1q
m−1∑
j=0
Bn;qm
(
x+ j
m
)
. (5.14)
If putting x = 0, m = 2 in (5.14), we get
Bn;q2
(
1
2
)
= [2]1−nq Bn;q − Bn;q2 , (5.15)
which is a q-analogue of the formula (see, e.g., [1, p. 804, (23.1.21)])
Bn
(
1
2
)
= (21−n − 1)Bn. (5.16)
On the other hand, setting m = 2 in (2.16) leads to
Bn
(
x+ 1
2
)
= 2−n
n∑
k=0
(
n
k
)
2kBk(x), (5.17)
further putting x = 0 in (5.17), we have
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(
1
2
)
= 2−n
n∑
k=0
(
n
k
)
2kBk. (5.18)
Equating (5.16) and (5.18) we obtain a sum formula as follows:
(
2− 2n)Bn = n∑
k=0
(
n
k
)
2kBk, (5.19)
which is very useful to reduce to the following q-identities (5.31) and (5.34) when q → 1.
It follows that we give a q-analogue of the formula (5.19) above. Taking m = 2 in (2.11) of Lemma 2.3 we get
Bn;q2
(
x+ 1
2
)
= [2]−nq
n∑
k=0
(
n
k
)
qk[2]kqBk;q2(x). (5.20)
For x = 0 in (5.20) leads us to
Bn;q2
(
1
2
)
= [2]−nq
n∑
k=0
(
n
k
)
qk[2]kqBk;q2 . (5.21)
Comparing (5.15) and (5.21) we obtain
[2]qBn;q − [2]nq Bn;q2 =
n∑
k=0
(
n
k
)
qk[2]kqBk;q2 , (5.22)
which is just a q-analogue of (5.19).
We also recall the multiplication theorem for En;q(x) as follows:
En;q(mx) =
{ [m]nq∑m−1j=0 (−1) j En;qm (x+ jm ), m is odd,
− 2n+1 [m]nq
∑m−1
j=0 (−1) j Bn+1;qm(x+ jm ), m is even.
(5.23)
Letting m = 2, x → x2 in the second formula of (5.23) we obtain
En;q(x) =
2[2]nq
n + 1
[
Bn+1;q2
(
x+ 1
2
)
− Bn+1;q2
(
x
2
)]
, (5.24)
which is a q-analogue of the well-known formula (see, e.g., [1, p. 804, (23.1.27)])
En(x) = 2
n+1
n + 1
[
Bn+1
(
x+ 1
2
)
− Bn+1
(
x
2
)]
. (5.25)
On the other hand, if setting m = 2 in (3.5), and noting that (2.20) of Lemma 2.4 for exchanging x and y and then putting
y = 0, we obtain the following q-identity:
Bn;q2(x) =
n∑
k=0
1
2[2]nq
(
n
k
)[
q2(k−1)x[2]kqBk;q2 + qn−k−2x+1Bk;q2;x(1)
]
En−k;q(2x), (5.26)
or (with (2.14)), that
Bn;q2(x) =
n∑
k=0
1
2[2]nq
(
n
k
)[
q2(k−1)x[2]kqBk;q2 + qn−k−2x+1
k∑
j=0
(
k
j
)
q2 jx[2] jq B j;q2
]
En−k;q(2x). (5.27)
It is easy to verify that both (5.26) and (5.27) are the q-analogues of the classical formula (see, e.g., [1, p. 804, (23.1.29)])
Bn(x) = 2−n
n∑
k=0
(
n
k
)
BkEn−k(2x) (5.28)
“=”
Bn(x) = 2−n
n∑
k=0
(
n
k
)
Bn−k Ek(2x). (5.29)
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Bn;q2
(
x
2
)
=
n∑
k=0
1
2[2]nq
(
n
k
)[
q(k−1)x[2]kqBk;q2 + qn−k−x+1Bk;q2; x2 (1)
]
En−k;q(x) (5.30)
with (5.10) leads to
Bn;q(x) = n2 En−1;q(x) +
1
[2]q
n∑
k=0
(
n
k
)[
q(k−1)x[2]kqBk;q2 + qn−k−x+1Bk;q2; x2 (1)
]
En−k;q(x). (5.31)
In view of the formula (5.22) we deﬁne the following operator:
[2]qBn;q q [2]nq Bn;q2 =
n∑
k=0
(
n
k
)
qkx[2]kqBk;q2 , (5.32)
obviously,
Bk;q2; x2 (1) = [2]qBn;q q [2]
n
q Bn;q2 and lim
q→1 Bk;q2;
x
2
(1) = (2− 2n)Bn. (5.33)
Therefore, the formula (5.31) can be also written as the following explicit form:
Bn;q(x) = n2 En−1;q(x) +
1
[2]q
n∑
k=0
(
n
k
)[
q(k−1)x[2]kqBk;q2 + qn−k−x+1
([2]qBk;q q [2]kqBk;q2)]En−k;q(x), (5.34)
which is just another q-analogue of Cheon’s result (3.7).
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